The dynamic equations of the strongly nonlinear vibration of vehicle suspension with linear and nonlinear feedback controllers are developed. The strongly nonlinear vibration is transformed into the weakly nonlinear vibration by the nonlinear controller. The forced vibration of vehicle suspension is studied by the method of multiple scales. The regions of feedback gains obtained from the stability conditions of eigenvalue equation quantitatively are presented. Taking attenuation ratio and energy function as the objective functions, the control parameters of velocity and displacement are calculated by the minimum optimal method. Illustrative examples are given to show the effectiveness of vibration control.
INTRODUCTION
The problem of rough surface road profiles and its influence on vehicle unwanted vibrations caused by kinematic excitations is still a subject of research among automotive manufacturers and research groups. The objective is to mitigate the vibration and minimize their effects on drivers and passengers [1] [2] [3] [4] [5] [6] . Experimental studies were carried out on the various road surface profiles. The efficacy can be assessed of a vehicle suspension system under different road conditions using Fourier transform, multiscale entropy analysis, continuous wavelet transform and the method of recurrence plots [7] [8] . Given the fact that a lot of problems in engineering and practical science can be modeled as a weakly nonlinear system, the study on response and stability of nonlinear system has been investigated mainly using the perturbation technique [9] [10] [11] . However, as some models in engineering and practical science are strongly nonlinear system, the perturbation technique loses its effect. The application of a small force to mechanical system can cause a considerable growth in the amplitude of a stable oscillation. The large-amplitude vibration of the strongly nonlinear systems leads to a series of problems in many engineering applications.
Hysteretic oscillation of nonlinear suspension system under various form of external excitations is a fundamental mechanics problem widely studied by many researchers. Theoretical models of chaotic response of quarter-car models due to nonlinear stochastic and deterministic excitation have been developed and experimentally observed due to the excitation of the road profile [12] [13] [14] [15] . Naik et al. studied the primary, superharmonic and subharmonic resonances of a harmonically excited nonlinear quarter-car model with linear time delayed active control by the method of multiple scales. They found that proper selection of timedelay and feedback gains could have optimum dynamical behavior [16] . Stability and Hopf bifurcation of a nonlinear oscillator with multiple time-delays were studied. The energy analysis was used to analyze the Hopf bifurcation by combining the Lyapunov's function and the averaging technique [17] .
Recently, taking the stability consideration, the active control of nonlinear mechanical systems has been a research topic. The primary, subharmonic, and superharmonic resonances of an Euler-Bernoulli beam subjected to harmonic excitations are studied with damping and spring delayed-feedback controller [18] . The primary resonance of a single-walled carbon nano-tube (SWCNT) is mitigated with optimal delayed feedback controllers. The nonlinear governing equations of the SWCNT are derived, which is rested on elastic medium and controlled by a Lorentz force [19] .
In the present study, the strongly nonlinear vibration system is transformed into the weakly nonlinear vibration by using the nonlinear feedback controller. The regions of the feedback gain are given based on the stability conditions of eigenvalue equation. The control parameters are calculated by the method of minimum optimal method, which has taken attenuation ratio and energy function as the objective functions. An optimal controller is designed to control the dynamic behaviors of the nonlinear dynamic system.
STABILITY ANALYSIS OF QUARTER-CAR MODEL
A single degree of freedom quarter-car model with nonlinear stiffness is studied as shown in Fig. 1 . The equation of motion of the system is given by (1) where m is the quality of the vehicle body. x is vertical displacement of the vehicle body caused by road roughness. x 0 is the pavement excitation of the vertical displacement of the wheels caused by road surface and x 0 = Acos Ωt. A is the amplitude of the pavement excitation. k 1 and k 2 are the linear elastic coefficient and nonlinear cubic stiffness coefficient of spring, respectively. d is the controller. c is the damping coefficient.
Defining a new variable for the relative vertical displacement as y = (x-x 0 )/g, where g is the gravitational acceleration. Eq. (1) can be written as [1] . M = 240 Kg, k 1 = 160000 Nm -1 , k 2 = -300000 Nm -3 , c = 250 Nsm -1 . It is easy to find that the value of parameter α is greater than 1. The vibration system is a strongly nonlinear vibration system. Introducing the linear and nonlinear vibration controllers into the nonlinear vibration system, Eq. (2) can be expressed as
where , g 01 and g 02 are feedback gains of the displacement and velocity, respectively. g f is the feedback gain of the nonlinear controller. The corresponding equation of motion can be written in term of a scaled time variable τ = ω 0 t as (4) where ε is a small positive parameter. , ,
For the case of primary resonance, the frequency are such that (5) Using the method of multiple scales [9] [10] [11] , one assumes an approximate solution of Eq. (4) in the form … ,
where . . . . (6) into equation (4) and equating the coefficients of like powers of ε, one has the following equations:
Substituting equation
A first order approximate solution of equation (7) can be written as
The amplitude a and phaseγ of the response are governed by the following polar form of modulation equations:
where , , , and D 1 () indicates the derivative with respect to the time scale T 1 . (4) for the primary resonance response correspond to the fixed points of Eqs. (10) and (11), which can be obtained by setting
That is,
From Eqs. (12) and (13), the so-called frequency-response equation is obtained:
The amplitude of the response is a function of the external detuning, feedback gains and the amplitude of the excitation.
The peak amplitude of the primary resonance response, obtained from Eq. (14), is given by (15) For the purpose of comparison, the equation of motion for the nonlinear primary oscillator without control is (16) The corresponding peak amplitude for the nonlinear primary oscillator without control can be written as (17) The performance of the vibration controllers on the reduction of nonlinear vibrations cannot be studied using a similar procedure based on the ratio of response amplitude for the linear system because it is difficult to find the analytical solutions for a nonlinear system. Therefore, an attenuation ratio is utilized to evaluate the performance of the vibration control by taking the proportion of vibration peak of primary resonance of the suspension system with and without control. By this definition, the attenuation ratio can be written as [20] 
As defined by equation (18), for a fixed value of the amplitude of excitation, a small value of the attenuation ratio R indicates a large reduction in the nonlinear vibrations system. The small attenuation rate can be obtained by selecting the proper parameters of feedback gains.
The stability of the solutions is determined by the eigenvalues of the corresponding Jacobian matrix of equations (10) and (11) . The corresponding eigenvalues are the roots of 
Optimal Control of Nonlinear Resonances for Vehicle Suspension using Linear and Nonlinear Control
The sum of the two eigenvalues is -µ e . The sum of the two eigenvalues varies with the feedback gain. If µ e > 0, the sum of two eigenvalues is always negative, accordingly, at least one of the two eigenvalues will always have a negative real parts. Based on the analyses mentioned before, the sufficient condition of system stability guaranteed is [21] (20)
The 
OPTIMIZATION DESIGN OF CONTROLLERS
The region of feedback parameter has been obtained based on the analysis of the stability condition of nonlinear vibration system, but it is difficult to obtain the Can-Chang Liu, Chuan-Bo Ren, Lu Liu and Hai Yun optimal control parameters of the system. Taking the attenuation ratio and energy function as the objective functions, the optimal feedback control parameters can be calculated by using optimal method. The optimal analysis is carried out by taking the two kinds of situation with and without solutions of the critical equation into account.
Parameter optimal design if the critical equation has no solution
(28)
Parameter optimal design if the critical equation has two solutions
The energy function of the nonlinear vibration system can be designed as [13] (29)
The maximum amplitude of the first order solution is The optimal equation is (32)
Calculation steps of the feedback gains
The optimal solutions from Eq. 
NUMERICAL SIMULATION
The parameters of the strongly nonlinear vibration system are shown in section 2. The nonlinear small parameter ε = 0.2. Figure 2 shows the variation of peak amplitude a max with feedback gain g 02 when Ω = 25.83 and A = 0.015. It is easily noted that a max decreases significantly as the velocity feedback gain increases. A larger value of feedback gain can relatively lead to a smaller peak amplitude a max . Figure 3 shows the variation of attenuation ratio R with the feedback gain g 02 . As shown in the figure, the attenuation ratio decreases with the increasing of the feedback gain. A smaller value of the attenuation ratio R indicates a larger reduction in the nonlinear vibrations of the system.
By taking the attenuation ratio and the energy function as the objective functions, the optimal feedback control parameters can be calculated by using the minimum optimal method. The amplitude of the road surface and the feedback gain of nonlinear controller are A = 0.015m and g f = 1800 N/m 4 , respectively. In the formula (18) , the value of g 02 should be positive in order to get a better control performance. A larger value of g 02 results in a smaller attenuation rate R and a better control performance. The effect of the excitation amplitude on the stable minimum control parameters for three sets of frequencies of the road surface are shown in the figure 4. Region above the curve means that the feedback gains can lead to a stable control performance, on the other hand, the below region is unstable. The stable minimum feedback gains enlarge with the increasing of amplitude of excitation. Fig. 5 shows the stable minimum feedback gains g 02 for three sets of nonlinear controllers. The frequency of the road surface is Ω = 25.83 Hz. The effect of the excitation amplitude on the stable minimum control parameters for three sets of nonlinear feedback gains g f is shown in the Figure. For fixed frequency, variation of the nonlinear feedback gain g f leads to the change of the stable minimum control parameters. A proper choosing of the values of feedback gain g 02 and nonlinear feedback gain g f can enhance the control performance.
The amplitude and frequency of the road surface are Ω = 25.83 Hz and A = 0.015 m, respectively. It can be worked out that the value of feedback gain g 02 is more than 71.33 Ns/m when the critical equation has no solution. The optimal feedback gain can be calculated as g 01 ≥ 1.53e4 N/m for the case that there are two solutions for the critical equation. Figure 6 shows the primary response curves of suspension for three different sets of the feedback gains. The nonlinear feedback gain g f = 1800 N/m 4 . There is no jump and hysteresis phenomenon when g 02 = 200 Ns/m, g 01 = 1.6e4 N/m and g 02 = 200 Ns/m, g 01 = 1.92e4 N/m. This phenomenon suggests that saddle node bifurcation and jump phenomenon can be eliminated by choosing proper feedback gains. Three solutions exist in a region of coexistence of g 02 = 0, g 01 = 6400 N/m. The bending of the frequency response curves is the reason of the occurring of a jump phenomenon. Moreover, the peak amplitude of the primary resonance response at g 02 = 200 Ns/m, g 01 = 1.92e4 N/m is the smallest one among the three cases. The vibration controllers can effectively suppress the amplitude oscillations of the nonlinear oscillator. Hence, by optimal choosing the feedback gain linear controllers, the primary resonance response of the nonlinear oscillator can be reduced. Figure 7 shows the primary response curves for different sets of nonlinear controllers. The feedback gains are selected as g 02 = 0, g 01 = 6400 N/m. The vibration of the system is unstable with g f = 1800 N/m -4 and stable with g f = 1533 N/m 4 
CONCLUSIONS
The dynamic equations of the strongly nonlinear vibration of vehicle suspension with linear and nonlinear feedback controllers are developed. Regions of the linear feedback gains are obtained by enlarging or reducing the inequalities of the production of the roots of eigenvalue equation. The region of the nonlinear feedback gain is worked out by using the weakly nonlinear vibration condition. Taking attenuation ratio as the objective functions, the optimal feedback gains are calculated by using the method of minimum optimal method.
